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The dispersion of hairy nanoparticles in polymer melts of chemically identical chains was investigated as
a function of both molecular weight and volume fraction. Here we provide conclusive evidence that the
shape of the phase diagram is determined primarily by the ratio of the chain length of the polymer melt
to the chain length of the polymeric shell structure (or hair) of the core/shell nanoparticles, and that the
phase behavior of different hairy particles in various polymer melts can be superimposed into one
universal graph. Other factors, including the hair density and the particle diameter, are not nearly as
significant as the above-noted ratio in this phase separation. In addition, we show that there is a strong
connection between the rheological dynamics of the particle-filled system and the thermodynamics of
the phase separation behavior. The shear-induced nonlinearity in the particle-filled system appears to
display features of a singularity near the phase transition point.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Polymers reinforced with nano-sized particles represent one of
the oldest of composites and have important applications [1]. Their
physical properties depend strongly on the microscopic interac-
tions between the dispersed particles (or fillers) and the phase
stability of particles in the polymer matrix [2–4]. One example is in
tire tread compounds, decreasing the interactions between filler
particles can frequently reduce the rolling resistance and improve
the vehicle gas mileage; while, increasing the filler–filler interac-
tions in a tread rubber can sometime improve tear strength and
traction performance. Therefore, achieving a good understanding of
the interactions between the filler particles and the phase behavior
of the particles in a host matrix is crucial [3] before a commercial
introduction of the material as a final product.

Recently core/shell polymeric nanoparticles have attracted
enormous attention in rubber applications [5–25]. This interest is
largely based on the fact that nanoparticles having hairy shell and
solid core structures might offer superior physical properties in
rubber applications [10]. The underlying picture is that the hair
molecules may act like flexible bridges that link the hard rein-
forcing core at one end and entangle the soft host polymer matrix
at another end. After vulcanization, all of the shell molecules may
be covalently bonded to the rubber network, and thus provide
significantly improved reinforcement. In addition, the hairy nano-
particles can be easily modified and tailored through appropriated
g).
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design of the particle structures for particular applications [9–13],
including the core hardness, the shell thickness, the core/shell
interface, the hair molecule density, surface functional groups, etc.

Beside the importance for applications, the study of the micro-
scopic behavior of the hairy nanoparticles in a polymer melt is of
fundamental interest. Theoretically it has been recognized for some
time that the interactions between polymer flat brushes in the
presence of free polymers of the same microstructures is primarily
determined by entropy-driven forces [26–35], and the interaction
strength can be adjusted by varying the size and the concentration
of the free polymers or the grafted brush molecules [30–35]. While
those studies appear to suggest that the interactions between
brushes could be unified within few molecular parameters, it is not
clear if this inclusion would allow for a proper description of the
phase behavior of hairy nanoparticles in polymer melts using
a similar unified picture. There were several experimental studies
which discussed the phase behavior of micro- and submicro-sized
colloidal particles carrying attached polymer chains in dilute or
semi-dilute solutions [36–39]. However, for polymer melts, except
for very few reports [40–42] that discussed the stability of this
system, there is no experimental data available for a critical
examination of the fundamentals as described. Also, theoretical
studies discussed the interactions between particles mostly based
on systems of flat brushes [41–49]. The equilibrium statistics of
polymers grafted on convex surfaces has only been considered in
recent years [50–52], where a proper treatment of the exclusion
zone in spherical brushes is still lacking [52]. As a result, the effects
of interactions between the convex curved brushes are less
understood than those between flat brushes. In this contribution
we report on an investigation of the phase behavior of polymeric
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hairy nanoparticles in polymer melts of chemically identical chains
as a function of both molecular weight and volume fraction. The
nanoparticles investigated are slightly larger than the dimension of
the grafted chains.

2. Materials and experiments

Butadiene in hexane (about 22 wt% butadiene), styrene in
hexane (about 33 wt% styrene), pure hexane, and n-butyllithium in
hexane (1.6 M in hexane) were used as-supplied under nitrogen
from the Firestone Polymer Company. Technical grade divinyl
benzene (Aldrich) containing mixture of isomers (80%) as well
as isomers of ethylvinylbenzene was passed through a column
comprising a proprietary activated alumina based inhibitor
remover (Aldrich) and calcium hydride under nitrogen before use.
Other solvents such as isopropanol and acetone, and the antioxi-
dant butylated hydroxytoluene (BHT) were used as-received. A 7.6-l
high-pressure reactor (Chemineer Inc.) equipped with a pitch blade
impeller was used for the synthesis work.

Polymeric nanoparticles comprising polybutadiene (PBD) hairy
shell and crosslinked polystyrene (PS) core were synthesized
using anionic polymerization. In the synthesis, the reactor was
first charged with hexane and butadiene monomer. The batch
was then heated to 57 �C. After the temperature was stabilized,
the polymerization was initiated by adding a desired amount of
n-butyllithium in the absence of any modifier. After the poly-
merization of butadiene was accomplished, a small amount of the
solution was drained from the reactor and then deactivated using
isopropanol for analysis. The reactor was then charged with
a desired amount of a blend of styrene and divinyl benzene (or
DVB) at a ratio of about 70/30. Because the two vinyl groups in
DVB have different reactivities, the initially formed polymer was
a PBD-b-(PS-co-DVB) diblock-like copolymer. In a hexane solution
of about 12% solid, this living diblock aggregated through self-
assembly forming spherical micelles, with the styrene block
directed toward the center of the micelle and the butadiene block
as tail extending therefrom. This occurred because the poly-
styrene blocks of the copolymer were largely insoluble in hexane
whereas the polybutadiene blocks were very soluble in this
solvent. Further reaction of the second vinyl group in the divinyl
benzene unit crosslinked the PS core, as illustrated in Fig. 1. The
detail synthesis procedure has been described elsewhere [10].
After the reaction is completed, the batch was discharged into
a 40/59/1 blend of isopropanol, acetone and BHT. The product
was precipitated from the solution, filtered, and was finally dried
in vacuum at 50 �C.

Table 1 shows the characteristics of two polymeric nanoparticles
(MNP-1 and MNP-2) that were prepared for the present study. The
molecular weights and sizes of the nanoparticles in solution were
determined using an 18-angle light scattering detector (Dawn
Heleos) from Wyatt Technology. The detector was connected online
to a gel permeation chromatography that was from Waters HSGPC
1,3 BD
Hexane
nBuLi

Li
Styrene + DVB

PBD

Crosslinked S/DVB Copolymer Core

PBD

Fig. 1. A schematic drawing for the synthesis of polymeric nanoparticles comprising
polybutadiene (PBD) hairy shell and polystyrene (PS) crosslinked core in hexane using
an anionic polymerization process.
Equipment. Tetrahydrofuran (THF) was used as the solvent. The
nanoparticles were also examined in the dry state using electron
microscopy. There was a considerable difference between the
particle size measured in dry state and that measured in THF
solution. This discrepancy was due to the fact that the shell polymer
chains were able to swell in THF. The number of PBD chains per
particle in the shell was calculated using the molecular weight of
particles, the core-shell composition, and the shell PBD molecular
weight. The shell PBD molecular weight was measured from the
intermediate product that was taken from the reactor after the first
synthesis step, as described previously. MNP-1 and MNP-2 are
similar in core size, but differ significantly in their shell molecules.

Table 2 lists 21 linear polybutadienes (PBD-1 to 21) that were
prepared for the present investigation. These mono-dispersed PBDs
were synthesized by anionic polymerization using the same
reactor, solvent, and temperature profiles that were used to prepare
the shell portion of the nanoparticles. Under such conditions, the
synthesized PBD polymers were chemically identical to the shell
molecules of the nanoparticles. The molecular weights of these
PBDs were analyzed by gel permeation chromatography using
Waters HSGPC equipment. The GPC column was calibrated using
polystyrene standards. Tetrahydrofuran was used as the solvent.
The microstructure such as vinyl content, etc. was determined by H
1NMR measurements. A Varian Gemini 300 NMR spectrometer was
used for the analysis. The cis- and trans-BR contents (not listed)
were typically 50 to 50 for a PBDs made from the anionic poly-
merization. The glass transition temperatures for these low-vinyl
PBD polymers (not listed) were about �90 �C.

Blends of the PBD-shelled nanoparticles and the linear PBDs of
various ratios were prepared by dissolving the particles and the
PBDs in hexane at 23 �C in sealed flasks. The particles and the PBDs
were at first weighed into flasks on a balance with 10�4 g accuracy.
Then, 0.1% BHT (antioxidant) was added to the flask for stabiliza-
tion. After that hexane solvent was charged to the flask. The
amount of hexane added to the flask was about 9 times the amount
of the solids. Complete dissolution took place within 12 h under
moderate stirring. Once the solutions were clear, they were poured
into flat pans and dried in air at 23 �C. After the hexane was
evaporated, the blends were degassed under vacuum at 50 �C for
12 h. The degassed blends were then transferred into optical glass
vials and were equilibrated at 23 �C for at least two weeks before
making measurements.

Turbidity measurements of the nanoparticle/PBD blends were
carried out with a turbidimeter (DRT-15CE) from USEPA & HF
Scientific. The turbidity was recorded in Nephelometric Turbidity
Units (NTU). Standard formazin solutions certified by HF Scientific
were used for the calibration. Optical glass vials (Liquid Scintilla-
tion) with 28 mm outside diameter and 55 mm height from
Wheaton Scientific were used for holding the samples. Before the
vial was placed into the equipment, the outside surface of the vial
was carefully cleaned with a lint free wiper moistened with THF
and hexane. A measurement was taken from an average of 3–5
readings. Reported data is within a 5% error bar.

Electron microscopic (EM) observations were carried out with
a Hitachi S-4800 electron microscope in STEM mode. Thin films
were sliced from a sample using a Leica Emfcs Ultracut UCT
Ultramicrotome at about 2.5 mm/s. The slicing was done at about
�120 �C. The sliced films were then collected on an amorphous
carbon-coated copper micro-grid and stained with OsO4 prior to
the electron microscopy observation. Atomic force microscopy
(AFM) observation was carried out with a Dimension 3000 micro-
scope made by Veeco Instruments. The AFM was used in tapping
mode with an etched silicon tip on a fresh sample surface. The
measurement was carried out at 23 �C in air having 60% humidity.

Measurement of dynamic moduli (G0 and G00) of the blends
was carried out at various strain amplitudes using a Rheometrics



Table 1a
Characterization of poly(styrene/butadiene) nanoparticles studied.

Sample ID Particle radius
in dry statea Rn

(nm)

Particle radius
in THFb Rn (nm)

Polydispersity
of particleb Rw/Rn

Particle molecular
weight, Mn

b (g/mol)
Polydispersity
of particle MWb

(Mw/Mn)

Particle
purityc (%)

PBD shell/x-PS
core (ratio)

MNP-1 8.5 12.0 1.12 8.841� 105 1.14 98.7 67/33
MNP-2 9.8 14.6 1.04 9.538� 105 1.09 99.1 80/20

Table 2
Characterization of linear polybutadiene used.

PBD# GPC Mn

(g/mol)
Mw/Mn NMR vinyl

(%)
1,4-Addition
(%)

PBD-1 3460 1.22 9.2 90.8
PBD-2 3500 1.23 9.3 90.7
PBD-3 7010 1.14
PBD-4 8680 1.10 8.8 91.2
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ARES strain-controlled rheometer equipped with dual 200 and
2000 g cm force rebalance transducers. Strain sweeps were made at
1 Hz and 30 �C. A cone and plate geometry was used to ensure
a homogeneous strain field. The plate diameter/cone angle
combination used was 25 mm/0.02 rad. After a polymer blend was
loaded between the core and plate, the material was allowed to
equilibrate at 30 �C, 1 Hz and 0.01% strain. After the normal force
relaxed to zero, a strain sweep from 0.01% to 30% was performed in
logarithmic increments. The strain during oscillatory shear was
varied as g sin ut, where g is the strain amplitude and u is the
angular frequency.

3. Results

Fig. 2 is a photograph showing the typical phase evolution of
the hairy nanoparticle/PBD blend at 23 �C as a function of PBD
molecular weight, Mf, where the subscript ‘‘f’’ stands for the free
PBD. In the photograph, the nanoparticle studied is MNP-1 and the
concentration is 10% by volume. The characteristic data of MNP-1
is listed in Table 1. It has a core/shell structure. The core is made of
highly crosslinked PS that contains 33% of DVB. The shell is
composed of 66 chains of mono-dispersed PBD of molecular
weight Mg¼ 8780 g/mol that are end grafted to the solid core
surface. The subscript ‘‘g’’ stands for the grafted PBD chains. As one
can see in Fig. 2, when the free PBD is made of short polymer
chains (e.g., when Mf< 15,000 g/mol), we have blends that are all
transparent, which suggests that the interactions between parti-
cles are repulsive. When the free PBD is made of long polymer
chains (e.g., when Mf> 25,000 g/mol), we have blends that are all
opaque, which indicates that the interactions between the parti-
cles are attractive. Between the two extremes there is a clear
transition and the phase separation can be easily observed with
a naked eye.

Fig. 3 presents the quantitative turbidity measurements for the
series shown in Fig. 2. The turbidity always increases with
increasing free PBD Mf. However, over a range of 0<Mf< 2Mg the
increment rate is noticeable slow. Then, the turbidity suddenly rises
rapidly with increasing Mf when Mf> 2Mg. The transition can be
easily located by a clear break in the curve at Mf

c¼ 21,500 g/mol.
This result suggests that the chain length of the free PBD melts is
one of the control parameters that govern the aggregations of the
hairy particles in these blends. Increasing Mf in fact drives a phase
separation.
Table 1b
Characterization of PBD shell microstructure.

Sample
ID

Molecular
weight of
PBD in
shellc Mn
(g/mol)

Polydispersity
of PBD in shellc

(Mw/Mn)

1,2-
Additiond

(%)

1,4-
Additiond

(%)

Number
of PBD
chains
per
particlee

MNP-1 8780 1.09 8.4 91.6 66
MNP-2 18,060 1.05 8.7 91.3 42

a Measured by transmission microscopy in dry state.
b Measured by GPC-light scattering equipment in THF solution.
c Measured by GPC.
d Measured by NMR.
e Calculated using molecular weights and core/shell compositions.
Fig. 4 shows the microscopic evidence for the phase separation
observed by transmission electron microscopy (TEM). The nano-
particle studied is MNP-1 and the concentration of nanoparticles is
10% by volume. Image 4a shows a blend in which the free PBD has
a molecular weight Mf¼ 14,020 g/mol. The system is still in the
one-phase regime and the particles are well separated in the blend.
Image 4b shows a blend in which the free PBD has a molecular
weight Mf¼ 22,570 g/mol. The system is now near the phase-
transition critical point. Large fluctuations in particle density can be
seen from point to point in the system. The fluctuations result in the
formation of networks of a correlation length of hundreds of
particles. Image 4c shows a blend in which the free PBD has
a molecular weight Mf¼ 57,030 g/mol. The system has fully entered
the two-phase regime. The nanoparticles aggregate together as big
micro-sized droplets and thus light scattering significantly
increases. The transition between those two regimes is well
marked. This shows that the nanoparticles can either form indi-
vidual separate particles in the blends or associate as macroscopic
droplets of high nanoparticle concentrations, depending on Mf.
Thus, Mf in this system acts like an ‘‘effective temperature’’, as
temperature does in the phase separation of a typical binary system
of small molecules. Our AFM results on these samples (not shown)
are consistent with the TEM analysis shown in Fig. 4.

Fig. 5 displays the effect of the shell molecular weight Mg of the
nanoparticles on the phase transition. In this plot, the phase
behavior of the particle MNP-2 is compared to that of MNP-1, and
the particle concentration is 10% by volume. As described earlier,
MNP-1 and MNP-2 have closely equal core size, but differ in Mg. For
MNP-1 with Mg¼ 8780 g/mol the phase transition occurs at
Mf

c¼ 21,500 g/mol. However, for MNP-2 with Mg¼ 18,060 g/mol
the phase separation is considerably delayed until the free PBD
molecular weight Mf reaches above 57,000 g/mol. Accordingly, an
increase of the shell molecular weight Mg of the nanoparticles
PBD-5 9780 1.09 8.8 91.2
PBD-6 10,950 1.08 8.6 91.4
PBD-7 14,020 1.07 8.7 91.3
PBD-8 17,080 1.06
PBD-9 18,900 1.05 8.7 91.3
PBD-10 22,570 1.05 8.6 91.4
PBD-11 28,540 1.04
PBD-12 31,630 1.04
PBD-13 37,390 1.03
PBD-14 44,370 1.03
PBD-15 50,090 1.03 8.6 91.4
PBD-16 59,840 1.03
PBD-17 57,030 1.03 8.6 91.4
PBD-18 58,900 1.03
PBD-19 110,350 1.06 8.7 91.3
PBD-20 135,890 1.10
PBD-21 145,320 1.11



Mf = 7010 8680 9780 10950 14020 17080 18900 22570 28540 31630

MNP-1 (Mg=8780) in PBDs (10 % Hairy Nanoparticles)

PBD

Fig. 2. A photograph of the phase evolution of hairy nanoparticle/PBD blends at 23 �C as a function of the free PBD molecular weight Mf. The nanoparticle studied is MNP-1 and the
concentration is 10% by volume.
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increases the critical molecular weight Mf
c at the phase transition.

The increments are proportional to each other.
Fig. 6 displays the concentration dependence of the phase tran-

sition of the nanoparticle MNP-1 in various polybutadienes (PBDs).
The boundary between the one-phase regime and the two-phase
regime is marked by the critical molecular weight Mf

c at the phase
transition as a function of the particle concentration. The value of Mf

c

is determined by the curve breaking in the turbidity measurements
(as that shown in Figs. 3 and 5). The minimum in the phase transition
boundary occurs at a decidedly low particle concentration. The great
difference in the size of the particle and that of the free PBD molecule
may be responsible for the highly asymmetric phase diagram. One
interesting observation is that when the concentration is below 60%,
the phase boundary is relatively insensitive to a change of concen-
tration, whereas above 60% the phase boundary curves up and
increases rapidly with increasing concentration.

Fig. 7 presents a comparison between the phase diagram of
MNP-1 and that of MNP-2. Despite that the two particles differ
significantly in shell molecular weight and the grafting density, it is
remarkable to note that the phase diagrams for MNP-1 and MNP-2
have pronounced similarity in shape. In fact the two boundary lines
from different hairy nanoparticles and polymer melts can be
superimposed into a universal curve if the ratio Mf

c/Mg is used as the
dependent variable for plotting, as shown in Fig. 8. The onset of the
phase separation is located when the chain length of the polymer
melt is about twice as large as the chain length of the polymer hair
on the nanoparticles. The topology of the phase diagram is deter-
mined primarily by the ratio of the two chain lengths.

Although using Mf
c/Mg as the dependent variable has resulted in

the phase boundary lines from different hairy nanoparticles to be
closely superimposed into one universal curve, there still is some
disparity between the curve for MNP-1 and the curve for MNP-2.
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Fig. 3. Turbidity measurement of hairy nanoparticle/PBD blends at 23 �C as a function
of the free PBD molecular weight Mf. The nanoparticle studied is MNP-1 and the
concentration is 10% by volume.
A perfect matching of the two curves is possible only if a shift
parameter k is introduced. Fig. 9 shows a plot where k(Mf

c/Mg) is
used as the dependent variable for plotting with k¼ 1.2 for MNP-2
and MNP-1 as the reference. Fundamentally, there may be some
physical significance of the parameter k, which could be related to
the surface curvature and the hair density of the nanoparticles.

Fig. 10 shows the impact of phase separation on the rheology of
the system. Here we see that the mechanical response of the
system to shear is essentially linear when the molecular weight of
the free PBD (Mf) in the blend is low, and the storage modulus G0 is
constant over the strain range from 0 of to 20%, As Mf increases, the
mechanical response of the blend becomes nonlinear. The
nonlinearity intensifies when the system approaches the phase
separation point, reaching a maximum at the locus of the phase
separation. It is noteworthy that a further increase in Mf causes the
mechanical response of the system to become more linear again. As
the system enters deeply into the two-phase regime, the material
resumes the linear behavior as it does in the one-phase regime.
Surprisingly, the rheological dynamics of particle-filled systems
has a direct connection to the thermodynamics of the system.

The sensitivity of the phase behavior to temperature changes
was also investigated for these blends of hairy nanoparticles and
PBD melts (over 200 samples). In one experiment these samples
were kept in hot water at 80 �C for one week. In another experi-
ment these samples were placed in a freezer at �20 �C for one year.
Since the glass transition temperatures of the PBD polymers were
about �90 �C, the samples should be in a liquid state at �20 �C and
thus would be fairly equilibrated after a one-year interval. Only
visual observations (with the naked eye) were made because the
turbidimeter was not suitable for measurements at temperatures
other than ambient temperature due to calibration difficulties.
Nevertheless, our observation shows that the transition points in
those blends and the phase diagrams for the MNP-1 and MNP-2
systems were not at all sensitive to the temperature change. No
experiments were performed above 80 �C because long-term
storage may result in crosslinking of the PBD polymers.
4. Discussion

4.1. Phase behavior and interaction potential

To interpret the experimental results, we need to know more
about the nature of the interaction between the nanoparticles and
the free polymers. It would be nice if statistical thermodynamics
could be derived entirely from the molecular parameters that we
already know, such as the polymer chain length and the hair
density. Unfortunately, the problem raised by these interactions is
rather complex when two hairy nanoparticles approach each other
in the presence of free polymer. At present no exact analytical
solution for this problem is available. Computer simulations may
provide numerical solutions, however, it is difficult to extract the



Fig. 4. TEM images of the phase separation of the hairy nanoparticle/PBD blends. The nanoparticle studied is MNP-1 and the concentration is 10% by volume. Image (a) shows
a blend in which Mf¼ 14,020 g/mol. The system is still in the one-phase regime. Image (b) shows a blend in which Mf¼ 22,570 g/mol. The system is close to the phase-transition
critical point. Image (c) shows a blend in which Mf¼ 57,030 g/mol. The system is in the two-phase regime.
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key features that govern the physics. Since our main concerns are
the properties and the criteria for the occurrence of phase sepa-
ration, we use an approach similar to the one used by others in
dealing with polymer brushes [30–35] and polymer micelles [40–
49]. As shown in the following discussion, it is possible to explain
the observed equilibrium behavior of hairy nanoparticles in poly-
mer melts using a simple physical model without involving
complicated mathematics.

Supposing two spherical particles of core radius, R0, and grafted
layers with equilibrium thickness, L, separated by a distance of z, one
can distinguish three domains that are specified by the relative
magnitudes of the parameters z, R0 and L. (1) When z> 2(R0þ L), the
separation between the two particles exceeds twice the grafted layer
thickness and core radius, the particles are unable to interact. Close
approach of the particles in this domain involves no free energy
change. (2) When z z 2(Lþ R0), the distance between the particles is
about twice the surface layer thickness and core radius, the free
polymer concentration ff in the interface undergoes changes. Thus
when the two particles closely approach each other, the interface
between the grafted layer and the free polymer matrix (or the melt)
gradually vanishes. Consequently, the free energy of the interaction
in this domain derives from the loss of the interface energy, which
yields an attractive potential well. This is the attractive domain. (3)
When z< 2(Lþ R0), the separation distance is less than twice of the
grafted layer thickness and core radius, the grafted polymer layers
undergo a compression. This is the repulsive domain.

Now let us consider the case that only one hairy particle is placed
in a polymer melt of chemically identical chains with a degree of
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Fig. 5. Effects of shell molecular weight Mg of the nanoparticles on the phase transition.
For MNP-1 with Mg¼ 8780 g/mol the phase transition occurs at Mf

c¼ 21,500
g/mol. For MNP-2 with Mg¼ 18,060 g/mol the phase separation occurs at Mf

c¼ 57,000
g/mol. The particle concentration is 10% by volume.
polymerization Nf. The free polymer in the melt may penetrate the
grafted layer. The interpenetration profile can be schematically
depicted in Fig. 11. The concentration of the grafted polymer fg is
expected to be near 1 inside and falls to zero in a relatively thin
interpenetrated layer, x, between the grafted layer and the
surrounding free polymer. Using three linear lines we simplify the
concentration profile to be three linear regions, i.e., the dry brush
region, the interpenetrated region, and the free polymer region.

Then we use the ground-state dominance method of Edwards
[53] to calculate the local penetrating thickness of the free polymer
chains into the grafted layer. The ground-state dominance theory
describes the configurational probability of the free polymer chains
by a diffusion equation:

a2

6
V2J� UJ ¼ 0 (1)

where the free polymer concentration ff ¼ J2 and U is the mean
field potential. Equation (1) may also be written in a different form
using ff as dependent variable and z as independent variable.

a2

12
V2ff �

a2

24
1
ff

�
dff

dz

�2

�Uff ¼ 0 (2)

where a is the monomer size in the polymer.
The potential U is composed of two components u1 and u2,

where u1 is the chemical potential that can be derived from the
Flory–Huggins theory [54]. The leading term in the chemical
potential u1 is
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the particle concentration: the phase diagrams of MNP-1 in PBD melts. The first data
point on the left side of the chart was measured at particle concentration of 0.2%.
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u1 ¼ �
1
Nf

lnff (3)

The potential energy u2 arises from the repulsive interaction of
a given chain with others in the grafted layer. For a flat surface, we
may use the asymptotic parabolic form of uP, as proposed by Witten
et al. [30–32] based on the harmonic spring argument,
uP ¼ p2a�2=8N2

gðL2 � z2Þ, where Ng is the degree of polymeriza-
tion of polymer chains that are terminally grafted to the particles.
However, for a spherical (or convex) surface, the outer profile
becomes much more complicated. As shown by Ball et al. [50], there
are two distinct regions inside the grafted layer: an exclusion zone
(z< zQ) with no free chain ends and a relaxed region (zQ< z� L)
with chain end distributed. A proper treatment of the exclusion
zone in spherical brushes is still lacking. So far there is no complete
solution for polymer grafted on a spherical surface.

Although the situation deep inside the brushes is complicated
for convex surfaces, the situation near the open surface is relatively
simple. Both the variational analysis by Li and Witten [51] and the
numerical calculations by Belyi [52] show that near the open
surface the density profile still maintains the same parabolic
structure as that found in flat and concave brushes. At present, our
best understanding of this convex problem is that for most cases
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Fig. 8. Normalized phase diagram of hairy nanoparticle/PBD blends when the ratio Mf
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Mg is used as the dependent plotting variable. Phase boundary lines from different
hairy nanoparticles are closely superimposed into one universal curve.
when the exclusion zone is a small fraction of the grafted layer
thickness, the width of the exclusion zone and the effects that arise
from it vary as the exponential of minus the radius of curvature
over brush thickness. For instance, the potential at the boundary of
the exclusion zone, uQ, can be related to the potential at a flat
interface [50], uP, via

bR0

L
¼ a�1ln

�
uP

uP � uQ

�
(4)

If extending this expression for uQ beyond exclusion zone (i.e.,
z> zQ) to the open surface, one would obtain

u2 ¼ ½1� a expð � bR0=LÞ�up

¼ ½1� a expð � bR0=LÞ� p2

8a2N2
g

�
L2 � z2

�
(5)

where a¼ 0.71 and b¼ 0.5 are constants [52]. Although this
exponential correction is only formally derived based on an argu-
ment of weak curvature limit, numerical calculations [50,52] show
that this correction is applicable over a wide range from the weak
curvature when R0 [ L up to the intermediate curvature for R0 z L/3.
Thus, near the extremity of the interpenetrated layer as it is shown
in Fig. 11, we may approximate u2 as
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u2 ¼ uðLÞ þ vu2

vz

����
L
x ¼ y

p2L
4a2N2

g
x (6)

where y ¼ 1� aexpð�bR0=LÞ and takes care of the curvature of the
hairy particles. The effect that arises from the curvature is notice-
able but small. The value of y varies from 1 for a flat surface (as
R [ L) to about 0.6 for convex surfaces of intermediate curvature
as (R z L). The limit of R� L for stars is not the interest of this study
and will not be discussed here. Our main concerns are nano-
particles of finite and reinforcement cores that are slightly larger
than the dimension of grafted chains.

Inserting Equations (3) and (6) into Equation (1) and taking
account the three-lined linear profile as shown in Fig. 11, we may
write the diffusion Equation (2) in the interpenetrated layer in the
following form:

a2

12

�
1
x

�2

� p2yL
8a2N2

g
xþ f*lnf*

Nf
¼ 0 (7)

where we take f*¼ 0.5, the middle point in the linear profile. When
Nf is large, the last term on the left side of Equation (7) vanishes,
and we thus get

x ¼
 

2a4

3p2y

N2
g

L

!1=3

(8)

For flat brushes as y¼ 1, this result agrees well with that
obtained by Leibler and Ajdari [55]. For convex surfaces because
y< 1, the results of Equation (8) suggest that a curved brush layer is
more penetrable than a flat layer as may be expected from the
potential profile of such layers.

Now let us examine the interaction energy for the case
when two grafted plates closely approach each other:
F(z)¼ Fg(z)� Fg(N)þ Ff(z)� Ff(N), where ‘‘N’’ represents the
excess free energy at infinite separation. The subscript ‘‘g’’
represents the grafted polymer contribution and the subscript
‘‘f’’ represents free chain contribution. We note that as the two
polymer-grafted surfaces approach each other the free poly-
mer concentration ff in the interface undergoes changes. This
change in the interface concentration ff reduces the free
energy that favors mixing. Therefore, the attractive potential
arises mainly from the free chain contribution Ff. The brush
contribution typically produces repulsive force. Accordingly,
the attractive potential, which is the most interesting, is
determined by
FattryFf ð2LÞ � Ff ðNÞ (9)

Following the asymptotic approximation proposed by Broseta et
al. [56] and also used by Semenov [41], the value of Fattr is given by

Fattr ¼ �
Z 2ðLþRÞ

N

(
a2

12
V2ff �

a2

24
1
ff

�
dff

dz

�2

þff lnff

Nf

)
dz (10)

We may simplify the integration using the three-lined linear
profile as shown in Fig. 11. The result is

Fattr ¼ �
a2

24
1
x
� f*lnf*

Nf
x (11)

Equation (11) predicts that the attractive force depends on
the size of polymer chains. For long polymer melts (Nf [ 1) the
interaction is always attractive. However, as Nf decreases and the
interpenetrated layer x increases, the interaction may become
repulsive. The critical value of Nf is,

Nc
f ¼ �24f*lnf*

�
x

a

�2

y8

 
2a

3p2y

N2
g

L

!2=3

y1:4

 
aN2

g

yL

!2=3

(12)

The shell thickness L can be estimated by using a simple
geometrical argument. Let us assume that the grafting density is s

and the average distance between two grafted sites is given by
D¼ as�1/2, where a is the monomer size. Thus, the number of
terminally grafted chains per unit area is sa�2. At sufficiently low s,
the grafted chains do not overlap, the thickness of the grafting layer
is given by an ideal coil size aNg

1/2 as long as Nf>Ng
1/2. This regime is

limited by the condition of (aNg
1/2)2sa�2<1 or s<Ng

�1. If the density
s of the grafted polymer is beyond the limit, the grafted chain begins
to overlap, and this may lead to stretching [57]. Thus, the pheno-
menon of the grafted polymer chains stretching themselves may
occur at a very low grafting density, i.e., at s>Ng

�1 when Ng is large.
Let us consider an isolated nanoparticle with a core of radius R0

and a shell of thickness L. Assuming that the shell contents n
terminally grafted polymer chains and that the interpenetration of
the free polymer is small, we may write

4
3

pR3 � 4
3

pR3
0 ¼ a3nNg (13)

where R is the overall radius of the particle and thus L¼ R� R0.
Equation (13) can be re-written into the following form

�
L

R0

�3

þ3
�

L
R0

�2

þ3
�

L
R0

�
� 3C ¼ 0 (14)

where C¼ as Ng/R0. For the cubic equation, the procedure to obtain
its roots is standard, and the result is

L
R0
¼
�

3asNg

R0
þ 1

�1=3

�1 (15)

Equation (15) predicts three interesting situations for the hairy
shells of the nanoparticles. First, when L� R0, this equation
predicts a simple scaling relation L/R0 z (3asNg/R0)1. The grafted
polymers in this case will behave as if they are attached to a planar
surface and completely stretched. The grafted layer has a thickness
of L¼ as Ng. Second, when L [ R0, the grafted polymer in this case
will act as if they are attached to a point. The scaling relation
changes to L/R0 z (3asNg/R0)1/3, where L scales as 1/3 power over
Ng. Third, for the case when L is of a similar order of magnitude as R0

(or L z R0), equation is reduced as

L
R0

y

�
asNg

R0

�1=2

(16)
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Equation (16) is asymptotically correct as long as L z O(R0) and
closely represents the real situation at hand. Since the size of
a polymer chain (for N w 100 and a w 5A) is about 5 nm, Equation
(16) should be applicable for a nanoparticle of core size R0 from
2 nm to 20 nm. Substituting Equation (16) into Equation (12), we
obtain

Nc
f y1:4

�
a

R0sy2

�1=3

Ng or
Nc

f
Ng

y1:4
�

a
R0sy2

�1=3

(17)

We now see that the key controlling parameter that governs this
rather complex problem is remarkably simple; it is, the ratio of Nf/
Ng. If Nf/Ng is used as the normalization factor, we see that phase
diagrams from different hairy nanoparticles and polymer melts
must superimpose into one curve as observed experimentally. The
phase diagram, after such normalization, will be independent of
polymer species and would be universally applicable. Other factors,
including the hair-grafting density s and the particle core radius R0,
are not nearly as significant as Nf/Ng in this case. The pre-factor
(a/R0sy2)1/3 in Equation (17) is expected to be near unity, because
the 1/3 power minimizes the roles s and R0 play in this problem. For
a particle radius of 10 nm and a/R0¼ 0.05, with grafting density
s¼ 0.2 and y¼ 0.6 we estimate (a/R0sy2)1/3¼ 0.9. The shift factor
k¼ 1.2 observed experimentally might be due to the term
(a/R0sy2)1/3. Since the interaction potentials between hairy parti-
cles are entropic in nature, the phase diagram of hairy nano-
particles in polymer melts is not expected to be sensitive to
temperature changes. This conclusion is also observed experimentally.

4.2. Mechanical nonlinearity and critical phenomena

To interpret the surprising connection between the dynamical
nonlinearity and the phase separation of the particle-filled system,
we need to turn our attention to the fundamental physics of critical
phenomena. Generally speaking, near the critical point of a system,
there are large fluctuations in composition from point to point. This
is observed macroscopically through the phenomenon of opales-
cence divergence [58–61]. If the nucleation-induced phase
separation is sufficiently suppressed, the phase separation of this
system will occur via a spinodal decomposition mechanism. Our
system in fact follows this mechanism because the nanoparticles of
our study do not crystallize at any present condition. As a result, the
phase separation produces transiently connected networks.
Because the nano-sized hairy particle has a long thermal diffusion
time in an entangled polymer matrix [62], the development of
networks will virtually arrest right after the initial stage of the
spinonal decomposition [63]. The grain size or the correlation
length z of the formed structure will then scale similarly as the
wavelength of the fastest growing density fluctuation l does near
the critical point of the phase separation:

z ¼ z03�g=2 (18)

where g¼ 1.24 is the critical exponent, z0 is the critical amplitude
and 3¼ (Mf�Mf

c)/Mf
c is the distance to critical point.

The relaxation rate of the formed structure is expected to be
extremely small. This can be understood from an Einstein equation
between the relaxation rate (1/s0) and the size z of an object, i.e.,

1=s0 ¼ c=z (19)

where c is constant. A rough estimate of the rate 1/s0 can be made
from the Stokes–Einstein equation 1/s0¼ kT/6phz. For a PBD
viscosity of h¼ 105 Pa and a grain size of z¼ 1 mm (typical values for
system studied here), we estimate 1/s0 w10�7 s�1.

However, under shear we expect a drastic increase of the structural
relaxation rate 1/s to 10 s�1. The reason is that during dynamic
shear measurements large strains may disrupt the critical
fluctuation-induced structures and force the system to explore
different configurations. The structural relaxation time s occurring at
large strains may be described by a Bingham-type equation [64–66]:

1=s ¼ 1=s0 þ K _gmyK _gm (20)

where _g is the strain rate. K and m are constants. In his original
proposal, Bingham wrote viscosity h instead of s and assumed m¼ 1
in Equation (20). Since h ws, the nature of this substitution is the
same. Here letting 0�m� 1 would broaden applications.

To simplify our argument, the mechanical response of our
system is assumed to follow the description of a nonlinear Maxwell
spring–dashpot elements [67] such as

_s ¼ E _3� Es=h (21)

plus a process-dependent viscosity [68], such as, that described by
Equation (20). In this model, s and 3 are stress and strain,
respectively. _s and _3 are stress and strain rates, respectively. E is
the spring constant. At an oscillatory strain g(t)¼ geiut, this model
gives the shear rate dependence of the storage modulus G0 as
[68,69]:

G0ðgÞ � G0N
G00 � G0N

¼ 1

1þ
�

_g= _gy

�2m
when t0 is large (22)

where _gy is the critical shear rate which results in material yielding.
G00andG0N are zero and large strain limiting values of G0, respec-
tively. Equation (22) gives rather similar predictions for the
nonlinear effect as that proposed by Kraus [70]. The strain rate _g in
Equation (22) can be re-written as the strain amplitude g if the
oscillatory shearing is carried at a constant frequency u.

Suppose ‘‘yielding’’ means that the modulus of the material
upon shearing is sharply reduced by about 1/2 or less. This would
correspond to a certain relaxation time at the yielding point, sy.
Without losing generality, let us consider s0/sy¼ q. Here q> 1 is
a constant and its value is chosen with the definition of yielding.
Thus, the yielding shear rate _gy can be expressed, through Equa-
tions (18)–(20), as a function of the distance to the phase separation
critical point.

_gm
y ¼

q� 1
Ks0

¼ ðq� 1Þc
Kz

¼ ðq� 1Þc
Kz0

32=g (23)

This result suggests that the strain-induced nonlinearity, as
observed in the system, is expected to be linked to the details of
critical phenomena. The physical picture is that as the system
approaches the critical point, large fluctuations in particle compo-
sition will result in a formation of transit networks in the system.
Under shearing the structural relaxation time of the system will
drastically decrease. As a result, the mechanical response of the
system becomes nonlinear. Because _gyw32=gm gets smaller as 3

approaches zero, the system will in fact become weak mechanically
when it is near the critical point. Thus, the nearer the system is to
the critical point, the more nonlinear the mechanical response of
the system will be.

A calculation of G0 vs. g as a function of the distance to the-
critical point using Equations (22) and (23) is plotted in
Fig. 12. Equation (23) predicts that the nonlinearity will reach
a maximum at the critical point when gy¼ 0. The calculated result
agrees qualitatively well with that observed experimentally. Our
observation shows that the maximum is located slightly inside the
two-phase regime. Nevertheless, this agreement is remarkable
considering the simplifications made in the above theoretical
analysis.
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5. Conclusion

In this contribution we have reported on the phase behavior of
polymeric hairy nanoparticles in polymer melts of chemically
identical chains as function of both molecular weight and volume
fraction. When the polymer melt is made of short chains, the
interaction between the particles is always repulsive, and the
suspension is transparent. When the polymer melt is made of long
polymer chains, the interaction between particles is always attrac-
tive, and the suspension is opaque. Between the two extremes there
is a clear transition from a transparent solution to an opaque
suspension. Remarkably, the shape of the phase diagram is mainly
determined by the ratio of the chain length of the polymer melts to
the chain length of the polymer hair grafted on the nanoparticles.
The onset of phase separation occurs when the chain length of the
polymer melt is about twice as large as the chain length of the
polymer hair grafted on the nanoparticles. Other factors, including
the hair density and the particle diameter, are not nearly as signifi-
cant as the above chain length ratio. In addition, the phase behavior
of various hairy particles in a number of polymer melts can be
unified into one universally applicable graph. Furthermore, there is
a strong connection between the rheological dynamics of particle-
filled systems and the thermodynamics of the phase separation
behavior. The strain-induced nonlinearity in a particle-filled system
appears to share the same physics as the critical phenomena. Our
recent discovery of critical fluctuations in carbon black filled
compounds might be due to the same mechanism [71].
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